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SAM SANDERS
Abstract. Reverse Mathematics is a program in the foundations of math-
ematics initiated by Harvey Friedman ([8, 9]) and developed extensively by
Stephen Simpson ([19]). Its aim is to determine which minimal axioms prove
theorems of ordinary mathematics. Nonstandard Analysis plays an impor-
tant role in this program ([14, 25]). We consider Reverse Mathematics where
equality is replaced by the predicate ≈, i.e. equality up to infinitesimals from
Nonstandard Analysis. This context allows us to model mathematical practice
in Physics particularly well. In this way, our mathematical results have impli-
cations for Ontology and the Philosophy of Science. In particular, we prove
the dispensability argument, which states that the very nature of Mathematics
in Physics implies that real numbers are not essential (i.e. dispensable) for
Physics (cf. the Quine-Putnam indispensability argument).
There are good reasons to believe that nonstandard analysis,
in some version or another, will be the analysis of the future.
Kurt Go¨del
1. Introducing Reverse Mathematics
1.1. Classical Reverse Mathematics. Reverse Mathematics is a program in
Foundations of Mathematics founded around 1975 by Harvey Friedman ([8] and
[9]) and developed intensely by Stephen Simpson and others; for an overview of
the subject, see [19] and [20]. The goal of Reverse Mathematics is to determine
what minimal axiom system is needed to prove a particular theorem from ordi-
nary mathematics. By now, it is well-known that large portions of mathematics
(especially so in analysis) can be carried out in systems far weaker than ZFC,
the ‘usual’ background theory for mathematics. Classifying theorems according
to their logical strength reveals the following striking phenomenon: ‘It turns out
that, in many particular cases, if a mathematical theorem is proved from appropri-
ately weak set existence axioms, then the axioms will be logically equivalent to the
theorem’ ([19, Preface]). This phenomenon is called the ‘Main theme’ of Reverse
Mathematics and the following theorem is a good instance (see [19]).
1. Theorem (Reverse Mathematics for WKL0). Within RCA0, Weak Ko¨nig’s
Lemma (WKL) is provably equivalent to any of the following statements:
(1) The Heine-Borel lemma: every covering of [0, 1] by a sequence of open
intervals has a finite subcovering.
(2) Every continuous real-valued function on [0, 1], is bounded.
(3) Every continuous real-valued function on [0, 1], is uniformly continuous.
(4) Every continuous real-valued function on [0, 1] is Riemann integrable.
(5) The Weierstraß maximum principle.
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(6) The Peano existence theorem for differential equations y′ = f(x, y).
(7) Go¨del’s completeness theorem for countable languages.
(8) Every countable commutative ring has a prime ideal.
(9) Every countable field (of characteristic 0) has a unique algebraic closure.
(10) Every countable formally real field is orderable.
(11) Every countable formally real field has a (unique) real closure.
(12) Brouwer’s fixed point theorem for [0, 1]n with n ≥ 2.
(13) The Hahn-Banach theorem for separable Banach spaces.
(14) The Weierstraß approximation theorem
Here, WKL is the statement every infinite binary tree has an infinite path. Thus,
we see that many theorems from mathematical practice are equivalent to a purely
logical principle like Go¨del’s completeness theorem or WKL. The theory WKL0
is defined as RCA0 plus Weak Ko¨nig’s lemma. Analogous theorems exist for the
systems ACA0, ATR0 and Π
1
1-CA0 (see [19, Theorems I.9.3, I.9.4 and I.11.5]). The
aforementioned five theories make up the ‘Big Five’ and RCA0 is called the ‘base
theory’ of Reverse Mathematics. This is motivated by the surprising observation
that, with very few exceptions, a theorem of ordinary mathematics is either provable
in RCA0 or equivalent to one of the other Big Five systems, given RCA0. Moreover,
each of the Big Five systems corresponds to a foundational program of Mathematics:
the theories RCA0, WKL0, ACA0, ATR0 and Π
1
1-CA0 correspond, respectively, to
Bishop’s constructivism ([1]), Hilbert-style finitist reductionism ([19]), Feferman’s
predicativism ([7]) and Friedman and Simpson’s pedicativist reductionism ([19]).
Hence, Reverse Mathematics is of interest to the Philosophy of Mathematics.
1.2. ERNA’s Reverse Mathematics. In this paragraph, we formulate a new
formalism for Reverse Mathematics, based on the system ERNA (see [13, 17, 22]).
This framework corresponds very closely to the way Mathematics is done in Physics,
as argued by Sommer and Suppes in [22,23].
As it stands, most equivalences in Reverse Mathematics are proved in the base
theory RCA0 (see [19, X.4.3]). There are three reasons why the latter theory is
not the optimal base theory for Reverse Mathematics. First of all, RCA0 has the
first-order strength of PRA, the system generally believed to correspond to Hilbert’s
‘finitist’ Mathematics ([24]). In this way, most of Reverse Mathematics falls outside
of Hilbert’s program. This begs the question whether there is a formalism that
produces Reverse Mathematics inside PRA. Secondly, the theory PRA goes far
beyond the level of Mathematics needed for Physics. Indeed, no function originating
from Physics grows faster than a fixed number of iterations of the exponential
function. In particular, the weak logical system I∆0+exp corresponds much better
to the level of Mathematics needed for Physics. Thus, we are motivated to consider
Reverse Mathematics in this weak system, as this might provide us with results
concerning Physics. Thirdly, some Reverse Mathematics results have been proved
in the base theory RCA∗0, which incidentally corresponds closely to I∆0+exp. Thus,
it is a natural logical question whether all known equivalences can be established
in RCA∗0 (see e.g. [19, X.4.3], [10] or [11]).
Thus, an important (foundational, philosophical, and logical) problem is whether
Reverse Mathematics can be done in a base theory close to I∆0 + exp. For ERNA,
a version of nonstandard analysis based on I∆0+exp, we have proved the following
theorem. It contains several statements, translated from Theorem 1 and [19, IV]
into ERNA’s language, while preserving equivalence (see [17] for details).
2. Theorem (ERNA’s Reverse Mathematics). The theory ERNA proves the equiv-
alence between Universal Transfer and each of the following theorems
REVERSE MATHEMATICS & NONSTANDARD ANALYSIS 3
(1) Every S-continuous function on [0, 1] is bounded.
(2) Every S-continuous function on [0, 1] is continuous there.
(3) Every S-continuous function on [0, 1] is Riemann integrable.
(4) Weierstraß’ theorem: every S-continuous function on [0, 1] has, or attains
a supremum, up to infinitesimals.
(5) The uniform Brouwer fixed point theorem: every S-continuous function φ :
[0, 1]→ [0, 1] has a fixed point up to infinitesimals of arbitrary depth.




(7) The Dirac Delta Theorem
∫
f(x)δ(x) dx ≈ f(0).
(8) The Peano existence theorem for differential equations y′ ≈ f(x, y).
(9) The Cauchy completeness, up to infinitesimals, of ERNA’s field.
(10) Every S-continuous function on [0, 1] has a modulus of uniform continuity.
(11) The Weierstraß approximation theorem.
A common feature of the items in the previous theorem is that strict equality
has been replaced with ≈, i.e. equality up to infinitesimals. This seems the price to
be paid for ‘pushing down’ into ERNA the theorems equivalent to Weak Ko¨nig’s
lemma. For instance, item 8 from Theorem 2 guarantees the existence of a func-
tion φ(x) such that φ′(x) ≈ f(x, φ(x)), i.e. a solution, up to infinitesimals, of the
differential equation y′ = f(x, y). However, in general, there is no function ψ(x)
such that ψ′(x) = f(x, ψ(x)) in ERNA plus Universal Transfer. In this way, we
say that the Reverse Mathematics of ERNA plus Universal Transfer is a copy up
to infinitesimals of the Reverse Mathematics of WKL0.
The equivalences proved in Theorem 2 have important implications for the Phi-
losophy of Science and this is the topic of the present paper. In particular, we
show that several of the items listed1 in Theorem 2 are essential to the mathe-
matical practice in Physics. Then, we use these principles to prove the so-called
Isomorphism theorem. The latter states that, in a mathematical problem deriving
from Physics2, we can replace any irrational numbers and functions by rational ones
without affecting the nature of this problem. Thus, we observe that R is not needed
to do Physics. Moreover, this observation was established using only principles that
are essential to Physics. Thus, the superfluousness of R for Physics is implied by
the very nature of mathematical practice in Physics.
2. ERNA’s ‘physical’ Reverse Mathematics
In this section, we discuss some of the theorems listed in Theorem 2 and argue
that they are essential to the mathematical practice of Physics. We first establish
the connection between ERNA and mathematical practice of Physics. For details
concerning ERNA, we refer the reader to Appendix A and [13,17].
2.1. Elementary Recursive Nonstandard Analysis. To this day, an informal
version of Nonstandard Analysis is in use in Physics. In particular, the ‘epsilon-
delta’ technique, introduced by Karl Weierstraß, is notoriously absent. Thus, to
formalize Physics, it seems only natural to employ a version of Nonstandard Anal-
ysis. The system ERNA, short for Elementary Recursive Nonstandard Analysis,
was introduced around 1995 by Richard Sommer and Patrick Suppes ([22, 23]) to
‘provide a foundation that is close to mathematical practice characteristic of the-
oretical Physics’. In order to achieve this goal, the system satisfies the following
three conditions, listed in [2]:
1In particular, Universal Transfer, the Dirac Delta Theorem and the Continuity principle.
2The same is not true for a general mathematical problem.
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(i) The formulation of the axioms is essentially a free-variable one with no use
of quantifiers.
(ii) We use infinitesimals in an elementary way drawn from Nonstandard Anal-
ysis, but the account here is axiomatically self-contained and deliberately
elementary in spirit.
(iii) Theorems are left only in approximate form; that is, strict equalities and
inequalities are replaced by approximate equalities and inequalities. In
particular, we use neither the notion of standard function nor the standard-
part function.
It is also mentioned in [2] that another standard practice of Physics, namely the
use of physically intuitive but mathematically unsound reasoning, is not reflected
in the system.
2.2. Universal Transfer. As a consequence of his ‘continuity principle’, the fa-
mous philosopher and mathematician Leibniz already postulated that the same
rules3 must apply to infinitesimals and the ‘normal’ numbers. This idea is formal-
ized in the following ‘transfer principle’, which plays a central role in Nonstandard
Analysis (see e.g. [12]). A formula is called ‘standard’ if it does not involve infinite
numbers or the predicate ‘x is (in)finite’.
3. Principle (Universal Transfer). For all quantifier-free standard4 formulas ϕ
(∀x ∈ Q)ϕ(x)→ (∀x ∈ ∗Q)ϕ(x).
Thus, by the Universal Transfer principle, the same properties hold for Q and
∗Q. We now argue that this principle is used constantly in Physics in an implicit
fashion.
In Mathematics, the derivative dfdx is defined as the limit for h going to zero of
the quotient f(x−h)−f(x)h . Thus, the notation
df
dx is purely symbolic. However, in
Physics, the derivative dfdx is often informally treated as a normal quotient. For ex-
ample, the following calculation is common in the mathematical practice of Physics:
dy
dx = f(x)⇔ dydxdx = f(x) dx⇔ dy = f(x) dx
⇔ ∫ dy = ∫ f(x)dx⇔ y = ∫ f(x)dx. (1)
Nonetheless, this informal derivation can easily be formalized in Nonstandard Anal-
ysis. Indeed, it is easy to prove that dfdx ≈ f(x−ε)−f(x)ε for a differentiable function
f and ε ≈ 0. Thus, the derivative dfdx is indeed a quotient, up to some infinitely
small error. Obviously, such small errors do not matter in Physics and, hence, it is
clear why dydx may be manipulated as though it were a quotient.
However, for the first equivalence in (1), both members are multiplied with the
infinitesimal ‘dx’. Then, we reduce dydxdx to dy, implying that the inverse rule
a× 1a = 1 also applies to the infinitesimal dx. Hence, in (1), it is implicitly assumed
that the infinitesimals are governed by the same rules as the normal numbers. This
implicit use of Universal Transfer is symptomatic for Physics: countless similar
examples exist and, in this way, Physics constantly invokes Universal Transfer in
some guise or other. Thus, we have established that Universal Transfer is used
implicitly in Physics.
3Similar claims can be found in the work of the mathematician Augustin-Louis Cauchy.
4Note that the limitation of ϕ to standard formulas is necessary. Indeed, otherwise we could
prove that all numbers in ∗Q are finite, which is a contradiction.
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2.3. The Continuity principle. It is well-known that, in mathematical practice,
physicists employ the so-called ‘infinitesimal calculus’, an informal version of Non-
standard Analysis. In particular, the ‘epsilon-delta’ technique, introduced by Karl
Weierstraß, is completely absent. For example, although physicists accept the usual
epsilon-delta definition of continuity (see (3)), in practice they rely on a much more
intuitive notion of continuity. Indeed, continuity is taken to be the absence of dis-
continuities from the graph of f . Thus, if x0 and y0 are ‘very close’, so should
f(x0) and f(y0) be, as we otherwise have a discontinuity close to x0. This intuitive
notion is beautifully captured in (2) of the following definition.
4. Definition. [Continuity] A function f is called ‘continuous over [a, b]’ if
(∀x, y ∈ ∗[a, b])(x ≈ y → f(x) ≈ f(y)). (2)
A function f is called ‘S-continuous over [a, b]’ if
(∀ ∈ Q+)(∃δ ∈ Q+)(∀x, y ∈ [a, b])(|x− y| < δ → |f(x)− f(y)| < ). (3)
In the previous definition, we used the following notations.
5. Notation. We abbreviate ‘(∀x ∈ Q)(a ≤ x ≤ b → . . . )’ as ‘(∀x ∈ [a, b])(. . . )’
and we abbreviate ‘(∀x ∈ ∗Q)(a ≤ x ≤ b→ . . . )’ as ‘(∀x ∈ ∗[a, b])(. . . )’.
As a matter of fact, both definitions of continuity are equivalent. This is the
content of the following5 ‘Continuity principle’.
6. Principle (Continuity principle). A standard function is continuous over [a, b]
if it is S-continuous on [a, b].
We observe that this principle reflects the physicist’s preference of using the
intuitive notion of continuity (2) instead of ‘epsilon-delta’ continuity. Thus, the
Continuity principle is implicitly used throughout Physics; it is part and parcel of
the very nature of mathematical practice in Physics.
One could argue that it is possible to do Physics formally using Weierstraß’
epsilon-delta technique, thus voiding the Continuity principle. However, this would
completely stifle the development of Physics, in the same way Mathematics would
come to a grinding halt if proofs were required to be written out in a completely
formal way. Moreover, Davey has raised the question whether mathematical rigour
is really necessary for Physics [5]. He uses the example of the Dirac Delta function,
incidentally the topic of the next paragraph, to illustrate the claim that the use of
highly informal mathematics can still lead to physical meaningful results.
It is worth noting that similar discrepancies in rigour are observed in the other
exact sciences: Chemistry is not completely correct from the point of view of Physics
and neither is Biology from the point of view of Chemistry. These discrepancies
are easily explained when one considers the fact that e.g. Chemistry deals with
very particular physical objects. Similarly, in Biology, very specific chemical sys-
tems are studied. When seen as general rules, some of the statements in Biology
(resp. Chemistry, Physics) are indeed wrong from the point of view of Chemistry
(resp. Physics, Mathematics). However, these statements only apply to very spe-
cific objects which are governed by many (mostly implicit) side conditions. When
limited to these specific classes, the statements are seen to be true. Moreover,
science seems unworkable without these implicit assumptions. In fact, a constant
tension between workability (or, for that matter, elegance or simplicity) and level
of technical correctness permeates the exact sciences.
5Not to be confused with Leibniz’s (different) continuity principle.
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2.4. Dirac’s delta function. The Dirac delta function δ(x) was introduced by
Paul Dirac in the context of Quantum Mechanics ([6]). This function satisfies∫
R
f(x) δ(x) dx = f(0),
for well-behaved functions. Informally, this function is defined as
δ(x) =
{
∞ x = 0
0 otherwise
. (4)
Only twenty years later did the Dirac delta function receive a proper formalization
in the context of generalized functions by Schwartz ([18]). It goes without saying
that the Dirac delta function, especially in its heuristic form (4), is part and parcel
of mathematical practice in Physics.
As to be expected, ERNA’s version of the Dirac’s delta function fits the heuristic
form (4) perfectly. Indeed, any ERNA-function which is infinite in an interval
[−ε, ε], for ε ≈ 0, and infinitesimal everywhere else, gives rise to a delta function
δε(x) which satisfies ∫
∗Q
f(x) δε(x) dx ≈ f(0).
Thus, we conclude that ERNA’s Dirac delta theorem is part of the very nature of
mathematical practice in Physics.
2.5. Other principles. By now, the reader should be convinced that Universal
Transfer and some of its equivalent formulations from Theorem 2 are essential to
the mathematical practice of Physics. For completeness, we mention several other
items from the latter theorem which have similar behaviour.
For example, consider item 3 from Theorem 2. As introduced by Leibniz, the
integration symbol
∫
is a stretched letter ‘S’. Leibniz wanted to convey that the
integral is actually a (infinite) sum. Like the derivative, the integral is actually
defined as a limit (of sums). Nonetheless, the integral is treated like a discrete sum
in Physics. This greatly simplifies the rules for the interchange of sums and integrals
and is typical for the informal way of reasoning in Physics. Like the derivative, any






for a suitable partition (ti, εi) of [a, b]. Thus, an integral is actually a discrete sum
(with infinite upper bound), up to some infinitesimal error. In ERNA, the integral
is defined as the sum in (5), just like in the mathematical practice of Physics.
We can make a similar argument for item 6, as the latter also involves integrals
and even derivatives. In ERNA, the latter notion is defined as a quotient f(x+ε)−f(x)ε
(see also Section 2.2). Then, a similar argument goes through for item 8, the
Peano existence theorem. Note that differential equations are an important topic
in Physics and Engineering.
Thus, we have proved that Universal Transfer and its equivalent formulations
are essential to the mathematical practice of Physics.
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3. Indispensability
Mathematics is the language and tool par excellence of Physics. Intuitively
speaking, the Quine-Putnam indispensability argument states that the mathemat-
ical objects essential to Physics have a form of real-world existence. Thus, if real
numbers are essential to mathematics in Physics, we should believe in their real-
world existence. As Physics makes use of real numbers, at first sight, the Quine-
Putnam argument would require us to believe in real numbers.
We first sketch the Quine-Putnam argument in the next paragraph. Then, we
discuss Solomon Feferman’s argument from logic that real numbers are not needed
for Physics. In the next section, we show that the very nature of mathematical
practice in Physics implies that real numbers are not needed for Physics. We refer
to the latter as a dispensability argument.
3.1. The Quine-Putnam indispensability argument. The following explicit
form of the Quine-Putnam indispensability argument is formulated by Mark Coly-
van in [4]. A modern defense and good reference is [3].
(P1) We ought to have ontological commitment to all and only the entities that
are indispensable to our best scientific theories.
(P2) Mathematical entities are indispensable to our best scientific theories.
(C) We ought to have ontological commitment to mathematical entities.
Both premises are, in our opinion, reasonable. Thus, we have no problem accepting
the conclusion. However, physicists only use a small percentage of all available
mathematical results. The question is then just how much Mathematics is essential,
i.e. indispensable, to formalize Physics?
Our dispensability argument states that the very nature of mathematical practice
in Physics implies that the real numbers are not essential to the development of
Physics. In particular, only rational numbers are needed. Thus, we conclude that
the Quine-Putnam argument only requires us to have an an ontological commitment
to certain natural numbers. Thus, the only mathematical principle indispensable
to Physics is the potential infinitude of the natural numbers.
3.2. Feferman’s argument. In [7], Solomon Feferman argues that real numbers
are not needed for Physics. We discuss his argument and formulate some comments.
In [7], Feferman shows that his system W proves all the mathematical results
needed for Physics. Feferman efforts are a continuation of Weyl’s so-called pred-
icativist program, formulated in the latter’s seminal Das Kontinuum ([26]). Fefer-
man’s results are extremely important for the Philosophy of Science, since W does
not involve real numbers in any way, but instead only relies on natural numbers.
Thus, we observe that real numbers are not essential to the development of Physics,
but that only natural numbers are. Feferman then concludes that this reduces the
Quine-Putnam argument to a triviality.
While certainly persuasive, we argue that Feferman’s approach to the Quine-
Putnam argument leaves a lot to be desired. First of all, the system W is quite
strong6 and, hence, the functions available in W dwarf any function that appears
in physical (even mathematical) practice by many orders of magnitude. Thus, the
system W does not correspond well to mathematical practice in Physics. Secondly,
it seems desirable to derive statements like real numbers are not essential to the
development of Physics from principles and considerations in Physics, not from a
purely logical system like W.
6The theory W has the same proof-theoretic strength as Peano Arithmetic.
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The system ERNA, and the associated Reverse Mathematics results in Theorem
2, overcomes both problems in an elegant way. This is the topic of the next section.
4. The ontological content of Reverse Mathematics
In this section, we prove our claim that the very nature of Mathematics in
Physics implies that real numbers are not needed in Physics. We consider the iso-
morphism theorem and discuss its philosophical implications. Finally, we formulate
our conclusion.
4.1. The Isomorphism Theorem. In this paragraph, we prove an upgraded ver-
sion of the Isomorphism Theorem (see [22, Section 6]) in ERNA plus Universal
Transfer. This theorem states that for a finite set of internal atomic propositions
in ERNA’s language, we can replace each occurrence of ‘ω’, ‘ε’ and ‘x ≈ y’ with,
respectively, ‘n0’, ‘1/n0’ and ‘|x − y| < 1/b’ (for some n0, b ∈ N) in such a way
that the propositions remain true. We also discuss why the following definition is
natural in this context.
7. Definition. An ERNA-term τ(x) is called ‘intensional’ if there is a k ∈ N such
that (∀x ∈ Q)[|τ(x)| > logk (|x|)].
The function logk x is defined as (µm ≤ |x|)(2mk > |x|) and has the same growth
rate as the usual logarithmic function.
8. Theorem (Isomorphism Theorem). Let T be a finite set of intensional constant
terms of ERNA. There is an isomorphism f from T to a finite set of rationals s.t.
(i) f(0) = 0, f(1) = 1 and f(ω) = n0, for some n0 ∈ N,
(ii) f(g(τ1, . . . , τk)) = g(f(τ1), . . . , f(τk)), for all non-atomic terms in T ,
(iii) τ ≈ 0 iff |f(τ)| < 1b , for some n0 > b ∈ N,
(iv) τ is infinite iff |f(τ)| > b, for some n0 > b ∈ N,
(v) τ is hypernatural iff f(τ) is natural,
(vi) σ ≤ τ iff f(σ) ≤ f(τ).
Proof. A proof inside ERNA plus Universal Transfer is available in [17]. 
We now give several arguments, both heuristic and formal, why the ‘intensional-
ity’ condition is natural. First of all, the best-known example of a non-intensional
function is log∗ n = (µk ≤ n)(logk n ≤ 1). It can be computed that for n0 = 265536,
which is larger than the number of particles in the universe, log∗ n0 is at most five.
Thus, for practical purposes, log∗ n may be regarded as a constant function. The
following theorem makes this qualitative statement precise and more convincing.
Recall that ERNA is a version of Nonstandard Analysis based on I∆0 + exp.
9. Theorem. The theory I∆0 + exp cannot prove that the function log
∗ x is un-
bounded, i.e. I∆0 + exp 6` (∀x)(∃y)(log∗ y > x).
Proof. A proof is available in [17]. 
By Go¨del’s completeness theorem, there is a model of I∆0+exp in which log
∗ x is
bounded. From the point of view of logic, this model is ‘nonstandard’ and ‘exotic’.
However, given the slow-growing nature of log∗ x discussed above, we perceive this
function as constant or bounded above in the ‘real world’. Thus, this ‘exceptional’
model is natural from the anthropocentric point of view. Since the isomorphism
theorem is intended to deal with models of physical problems, it seems reasonable
to choose a model of ERNA which corresponds to the real world, i.e. one where
log∗ n is constant. Another interpretation of Theorem 9 is that since I∆0 + exp
cannot even prove that non-intensional terms are unbounded (whereas e.g. PRA
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can), we might as well exclude such terms from the isomorphism theorem, as we
cannot learn anything about them in I∆0 + exp anyway.
4.2. The reality of the real numbers. We now argue that the the isomorphism
theorem implies that real numbers are not needed for Physics.
Let P be a physical problem that is described by a (necessarily finite) set of
data7 points D. Let M be a model8 of the physical problem P that involves
irrational terms f1, . . . , fk. We can approximate these numbers and functions by
hyperrationals and functions involving hyperrationals9 with infinitesimal precision.
Obviously, this error is negligible in Physics and the corresponding model M˜ is
identical to M in this context. After replacing the irrational terms f1, . . . , fk with
their approximations f˜1, . . . , f˜k, we construct a suitable finite set T consisting of
instantiations of the terms f˜1, . . . , f˜k. For instance, we can instantiate f˜1, . . . , f˜k
with every data point10 in D from the physical problem P. Then we apply the
isomorphism theorem to T to obtain a model M′ of P that only involves rational
objects f ′1, . . . , f
′
k. By the isomorphism theorem, the corresponding model M′
behaves just like M with regard to the set D of data points from P. Intuitively,
the number n0 is so large that is it behaves like an infinite number, relative to the
numbers in T . Thus, the properties ofM andM′, with regard to D, are identical.
In other words, we approximate f˜1, . . . , f˜k with rational terms f
′
1, . . . , f
′
k and the
error is negligible with regard to the data set D of P.
In short, our argument consist of three basic steps. First of all, we approximate
any relevant irrational object, up to infinitesimal error, by a hyperrational object.
Secondly, we approximate the resulting hyperrational objects by rational objects by
replacing any infinite number11 by a ‘large enough’ natural number (i.e. the number
n0 from Theorem 8). Thirdly, the isomorphism theorem guarantees that, for every
finite set D, the hyperrational objects behave in the same way as the approximating
rational objects with regard to the set D.
Thus, for every12 physical problem P with a finite data set D, we can replace
any irrational object f with a rational object f ′ and these objects behave in the
same way with regard to the data set D. We conclude that the the isomorphism
theorem implies that real numbers are not needed for Physics.
Note that the model provided by the isomorphism theorem is still quite close
to mathematical practice in Physics. Indeed, let f be an irrational object in a
model M of a physical problem P with a data set D. Let f˜ be the infinitesimal
approximation of f and let M˜ be the corresponding model. Limited to the set
D, any manipulation from Nonstandard Analysis applied to f˜ , translates into an
identical manipulation of f ′. Thus, the model M′ provided by the isomorphism
theorem can be seen as a ‘finite model’ ofM and M˜. Finally, note that there seems
to be no way of determining which model (M, M˜ or M′) corresponds to physical
reality.
7For instance, the set D consist of a finite number of measurements.
8For instance, M could consist of Maxwell’s equations.
9For instance, we can replace a function f(x) by its Taylor, Weierstraß, or broken-line approx-
imation. If f(x) =
∑∞
n=0 anx
n, then we have f(x) ≈∑ωn=0 anxn.
10Of course, we can make T as large as we want.
11Thus, infinitesimals are replaced by very small rational numbers, by item (iii) in Theorem 8.
12In principle, we can take P to include all the particles in the universe.
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4.3. The dispensability argument. We now formulate our conclusion.
In Section 2.2, we showed that Universal Transfer (and many of its equivalent
formulations) is an essential part of the mathematical practice of Physics. In Sec-
tion 2.1, we showed that ERNA corresponds closely to the mathematical practice
of Physics. In Section 4.1, we proved the isomorphism theorem inside ERNA plus
Universal Transfer, i.e. we derived this theorem using only principles that corre-
spond to (or are even essential to) the mathematical practice of Physics. In Section
4.2, we showed that the isomorphism theorem implies that real numbers are not
needed for Physics.
Putting all this together, we obtain the the proof of the dispensability argument,
i.e. the very nature of mathematical practice in Physics implies that real numbers
are not needed for Physics.
Appendix A. Nonstandard Analysis and ERNA
Nonstandard Analysis [12, 15, 16, 21] provides the formalization of the calculus
with infinitely small numbers or ‘infinitesimals’ which was used intuitively and suc-
cessfully in Mathematics (by Euler, Cauchy, Leibniz, Newton,. . . ) until the adop-
tion of Weierstraß’ more rigorous ‘epsilon-delta’ technique. The latter framework
was never adopted in Physics and an informal version of Nonstandard Analysis is
in use there to this day.
Using techniques from Model Theory, the set of rational numbers Q can be
expanded13 to the set of hyperrational numbers ∗Q. The set ∗Q has much more
structure than Q and is in fact quite similar to R (see [21]). In the following
definition, certain classes of numbers are singled out for their special properties.
10. Definition.
(1) A number x ∈ ∗Q is finite if there is a q ∈ Q such that |x| ≤ q.
(2) A number is infinite if it is not infinite, i.e. if it is larger than all q ∈ Q
(3) A number x ∈ ∗Q is infinitely small if |x| < q for all14 q ∈ Q+.
(4) An infinitely small number x is an infinitesimal and we write x ≈ 0.
(5) The numbers x and y are infinitely close if |x− y| ≈ 0. We write x ≈ y.
The paradigmatic example of an infinite number is ω. The number ε := 1ω is an
example of an infinitesimal.
It is an easy verification that the same calculation rules hold in Q and ∗Q.
Indeed, all numbers in ∗Q satisfy the axioms of an ordered field, irrespective of
whether these numbers are finite or infinite. Using some technical apparatus from
logic, the domain of the usual functions and predicates on Q, like 2x and x > y,
can easily be expanded to ∗Q, while preserving all there innate properties.
The field ∗Q is used in ERNA to derive basic calculus using various techniques
from Nonstandard Analysis (See [13,17,22,23]).
13The same holds for any set in ZFC. The latter stands for ‘Zermelo-Fraenkel set theory with
the Axiom of Choice’.
14The set Q+ is the set of all q ∈ Q such that q > 0.
REVERSE MATHEMATICS & NONSTANDARD ANALYSIS 11
References
[1] Errett Bishop and Douglas S. Bridges, Constructive analysis, Grundlehren der Mathematis-
chen Wissenschaften, vol. 279, Springer-Verlag, Berlin, 1985.
[2] Rolando Chuaqui and Patrick Suppes, Free-variable Axiomatic Foundations of Infinitesimal
Analysis: A Fragment with Finitary Consistency Proof, Journal of Symbolic Logic 60 (1995),
122-159.
[3] Mark Colyvan, The indispensability of mathematics, Oxford University Press, Oxford, 2001.
[4] , Indispensability Arguments in the Philosophy of Mathematics, The Stanford Ency-
clopedia of Philosophy. http://plato.stanford.edu/entries/mathphil-indis/.
[5] Kevin Davey, Is mathematical rigor necessary in physics?, British J. Philos. Sci. 54 (2003),
no. 3, 439–463.
[6] Paul A. M. Dirac, The Principles of Quantum Mechanics, Oxford, at the Clarendon Press,
1927.
[7] Solomon Feferman, In the light of logic, Logic and Computation in Philosophy, Oxford Uni-
versity Press, New York, 1998.
[8] Harvey Friedman, Some systems of second order arithmetic and their use, Proceedings of the
International Congress of Mathematicians (Vancouver, B. C., 1974), Vol. 1, Canad. Math.
Congress, Montreal, Que., 1975, pp. 235–242.
[9] , Systems of second order arithmetic with restricted induction, I & II (Abstracts),
Journal of Symbolic Logic 41 (1976), 557–559.
[10] Harvey M. Friedman, Stephen G. Simpson, and Rick L. Smith, Countable algebra and set
existence axioms, Ann. Pure Appl. Logic 25 (1983), no. 2, 141–181.
[11] Harvey Friedman and Stephen G. Simpson, Issues and problems in reverse mathematics,
Computability theory and its applications (Boulder, CO, 1999), Contemp. Math., vol. 257,
Amer. Math. Soc., Providence, RI, 2000, pp. 127–144.
[12] Albert E. Hurd and Peter A. Loeb, An introduction to nonstandard real analysis, Pure and
Applied Mathematics, vol. 118, Academic Press Inc., Orlando, FL, 1985.
[13] Chris Impens and Sam Sanders, Transfer and a supremum principle for ERNA, Journal of
Symbolic Logic 73 (2008), 689-710.
[14] H. Jerome Keisler, Nonstandard arithmetic and reverse mathematics, Bull. Symbolic Logic
12 (2006), no. 1, 100–125.
[15] Edward Nelson, Internal set theory: a new approach to nonstandard analysis, Bull. Amer.
Math. Soc. 83 (1977), no. 6, 1165–1198.
[16] Abraham Robinson, Non-standard analysis, North-Holland Publishing Co., Amsterdam,
1966.
[17] Sam Sanders, ERNA and Friedman’s Reverse Mathematics, J. of Symb. Logic 76 (2011).
[18] Laurent Schwartz, The´orie des distributions, Hermann, Paris, 1951.
[19] Stephen G. Simpson, Subsystems of second order arithmetic, 2nd ed., Perspectives in Logic,
Cambridge University Press, Cambridge, 2009. MR2517689
[20] (ed.), Reverse mathematics 2001, Lecture Notes in Logic, vol. 21, Association for
Symbolic Logic, La Jolla, CA, 2005.
[21] Keith D. Stroyan and Willem A.J. Luxemburg, Introduction to the theory of infinitesimals,
Academic Press, 1976.
[22] Richard Sommer and Patrick Suppes, Finite Models of Elementary Recursive Nonstandard
Analysis, Notas de la Sociedad Mathematica de Chile 15 (1996), 73-95.
[23] , Dispensing with the Continuum, Journal of Math. Psychology 41 (1997), 3-10.
[24] Willem W. Tait, Finitism, The Journal of Philosophy 78 (1981), 524-564.
[25] Kazuyuki Tanaka, The self-embedding theorem of WKL0 and a non-standard method, Annals
of Pure and Applied Logic 84 (1997), 41-49.
[26] Jean van Heijenoort, From Frege to Go¨del. A source book in mathematical logic, 1879–1931,
Harvard University Press, Cambridge, Mass., 1967.
